We found that when the spinless model is off the half-filling regime (µ V ), the Helmholtz free energy (HFE) can be written as two β-expansions: one expansion comes from the half-filling configuration and another one that depends on the parameter x = µ − V . We show numerically that the chemical potential as a function of temperature satisfies a relation similar to the one derived from the particle-hole symmetry of the fermionic spinless model. We extend the β-expansion of the HFE of the one-dimensional fermionic spinless Hubbard model up to order β 8 .
Introduction
One-dimensional models are certainly easier to handle than higher-dimensional ones, and for a long time they have been treated as toy models. In general, these models are a simplified description of a real physical system. It is often difficult to realize what is missing in those simple models in order to explain the experimental results.
The development of optical lattices over the last two decades has made possible the physical realization of one-dimensional models like the spin-1/2 Ising model [1] , thus offering the opportunity for the experimental verification of the predictions of simplified models like the one-band Hubbard model [2, 3] , that partially describes quantum magnetic phenomena.
The simplest one-dimensional fermionic model is the fermionic spinless Hubbard model, the generalizations of which have been applied to the description of Verwey metal-insulator transitions and charge-ordering phenomena of Fe 3 O 4 , Ti 4 O 7 , LiV 2 O 4 and other d -metal compounds [4] [5] [6] .
In references [7, 8] it is shown that the fermionic spinless Hubbard model in D = 1 is mapped onto the exactly soluble D = 1 spin-1/2 X X Z Heisenberg model in the presence of a longitudinal magnetic field.
The fermionic model has a particle-hole symmetry [8] . In reference [9] we explore the consequences of that symmetry on the thermodynamic functions of this model in the whole interval of temperature T > 0.
The spin-1/2 X X Z Heisenberg model is an exactly solvable model. Its thermodynamics can be derived from the thermodynamic Bethe ansatz equations [10] .
Bühler et al. calculated the β-expansion of the specific heat and the susceptibility, both per site, of the frustrated and unfrustrated spin-1/2 Heisenberg chain up to order β 16 and β 24 , respectively, in the absence of an external magnetic field [11] [h = 0 on the r.h.s. of equation (2.2)]. In 2001 Takahashi derived an integral equation to obtain the HFE of the spin-1/2 X X Z model [12] . The high temperature expansions of the specific heat and the susceptibility, both per site, of the isotropic spin-1/2 X X X model [13] were calculated up to order β 100 also for h = 0. In the language of the spinless model, the absence of a magnetic field in the spin-1/2 model corresponds to the half-filling case.
In reference [14] we calculated the β-expansion of the Helmholtz free energy (HFE) of the one-dimensional spin-S X X Z Heisenberg model in the presence of a longitudinal magnetic field, S ∈ { 1 2 , 1, 3 2 , . . . } up to order β 6 . By applying the mapping between the aformentioned one-dimensional fermionic and spin models, we obtain the expansion of the HFE of the fermionic spinless Hubbard model also up to order β 6 . These high temperature expansions are analytic and valid for any set of parameters of the respective Hamiltonian, thus letting one avoid the numerical solution of a hierarchy of coupled integral for every set of parameters of the spin-1/2 X X Z model.
In the present article we study the β-expansion of thermodynamic functions of the spinless Hubbard model off the half-filling regime. We calculate two additional orders in the β-expansion of the HFE of reference [14] and verify the consequences of those extra terms on the specific heat per site and on the mean number of spinless fermions per site. We also numerically study the dependence of the chemical potential on the temperature when the number of particles in the chain is fixed.
In section 2 we present the Hamiltonian of the one-dimensional fermionic spinless Hubbard model and its mapping onto the D = 1 spin-1/2 X X Z Heisenberg model in the presence of a longitudinal magnetic field. We present the relations satisfied by the HFE of the model due to the particle-hole symmetry.
In section 3 we discuss the β-expansion of the specific heat per site and the mean number of spinless fermions per site off the half-filling regime, and show the parameters of expansions of thermodynamic functions. In section 4 we use the β-expansion of the mean number of spinless fermions per site to numerically discuss the dependence of the chemical potential on temperature when the number of fermions in the chain is kept constant. Finally, section 5 has a summary of our results. Appendix A has the β-expansion of the HFE of the fermionic spinless Hubbard model in D = 1, up to order β 8 .
The fermionic spinless Hubbard model in D = 1 and its exact relations
The fermionic spinless Hubbard model in D = 1 is a very simple anti-commutative model whose
Hamiltonian is [8] : (2.1a) in which It is shown in the literature [7, 8] that the equivalence of the Hamiltonian (2.1a)-(2.1b) and the one that describes the spin-1/2 X X Z Heisenberg model in D = 1,
in which S l = σ l /2, l ∈ {x, y, z}, and σ l are the Pauli matrices; the parameters of both Hamiltonians satisfy the relations: 
in which 1l is the identity operator of the chain. Let Z (t ,V, µ; β) and Z S=1/2 (J , ∆, h; β) be the partition functions of the fermionic spinless model and the spin chain model, respectively, (2.6b) in which N is the number of sites in the chain.
Due to the equality of operators in equation (2.4), we have a relation between the HFE's (2.6a) and (2.6b) [8] ,
valid at any non-null temperature T . This relation permits to relate the thermodynamic functions of both one-dimensional models.
The expression of the function W S=1/2 (J , ∆, h; β) comes from the calculation of the trace of the operator e −βH S=1/2 (J ,∆,h) over all sites in the chain. In the β-expansion of this function, only terms with an even number of operators S z i
at each site give a non-null value to the trace at the i t h site, and, therefore, we obtain that the HFE of the one-dimensional S = 1/2 X X Z Heisenberg model is an even function of the longitudinal magnetic field h,
Another way to understand the invariance (2.8) of W S=1/2 is to remember the symmetry of the Hamiltonian (2.2) upon reversal of the external magnetic field, h → −h, and of the spin operators,
Consider, for a given magnetic field h and a fixed value (positive, null or negative) of V , the chemical potential µ so that h = µ − V . For a reversed magnetic field, the corresponding chemical potential µ 2 for which −h = µ 2 − V is
The identity (2.8) and the condition (2.9) recover the symmetry particle-hole of the fermionic spinless Hubbard model for any values of V and µ. This symmetry is summarized in the relation of the HFE of the fermionic spinless model at the same potential V and different chemical potentials,
In reference [9] we explore the effect of the relation (2.10) on the thermodynamic functions of the one-dimensional fermionic spinless model at the same potential V but with chemical potentials µ and µ 2 . The results discussed in reference [9] are valid in the whole range of temperatures of T > 0.
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In reference [14] we use the method of reference [15] to calculate the β-expansion of the spin-S X X Z Heisenberg model in D = 1, in the presence of a longitudinal magnetic field up to order β 6 , with
. . } For a summary of the results of reference [15] we suggest to the reader reference [16] . Relation (2.7) permits to derive the HFE of the chain of spinless fermions from the β-expansion presented in reference [14] up to order β 6 .
In this article we introduce a new set of rules for algebraic calculation using the method of reference [15] that enables us to calculate the β-expansion of the HFE of the fermionic spinless Hubbard model in D = 1 up to order β 8 .
In equation (A.1) we present the β-expansion of the HFE of the one-dimensional fermionic spinless Hubbard model up to order β 8 . This result is calculated using the method of reference [15] for arbitrary values of the parameters in the Hamiltonian (2.1a)-(2.1b). The coefficient of the β n term, with n ∈ {−1, 0, 1, . . . , 8}, in expansion (A.1) is exact. The polynomial form of the HFE expansion in β and in the parameters of the Hamiltonian (2.1b) can be easily handled by any computer algebra system. Thermodynamic functions of the model can be derived from the appropriate derivatives of the HFE.
We explicitly verified that expansion (A.1) satisfies the relation (2.10), which is valid separately for each coefficient of the β l terms of this HFE, with l ∈ {1, 2, . . . , 8}.
Discussion on the β-expansion of the HFE of the model
The β-expansion (A.1) of the HFE of the fermionic spinless Hubbard model in D = 1 permits the derivation of the β-expansion of various thermodynamic functions. In this article we discuss only two thermodynamic functions: the specific heat per site C (t ,V, µ;
2 , and the mean number of spinless fermions per site ρ(t ,V, µ; β) = −∂W /∂µ. (From this point on, it will be ommitted that those functions are calculated per site.) The expansion (A.1) is two orders higher in β than the β-expansion of the HFE of the one-dimensional spin-1/2 X X Z Heisenberg model, in the presence of a longitudinal magnetic field, presented in reference [14] . In what follows we make a simple comparison, the β-expansions of the specific heat and the mean number of particles, derived from the expansion of the HFE in reference [14] and equation (A.1), are compared to their respective exact expressions of two simple limiting cases, and the interval of β in which there is a good agreement between them is determined.
In order to verify the range of convergence of each expansion, we compare them to the respective thermodynamic function of two limiting cases of the Hamiltonians (2.1a)-(2.1b) and (2.2): the free spinless fermion model [17] and the spin-1/2 Ising model in the presence of a longitudinal magnetic field [18] . We do not need any extra computational effort to exactly calculate these two limiting cases for arbitrary values of the parameters in their respective Hamiltonians.
Let C 7 and C 9 be the specific heat and the β-expansion up to order β 7 and β 9 , respectively, derived from the HFE of reference [14] and equation (A.1). We have compared the expansions C 7 and C 9 to the specific heat of the free spinless fermion model [14] and the spin-1/2 Ising model [17, 18] , both in D = 1. In order to measure the difference between each specific heat of the exactly soluble models and its expansions C 7 and C 9 , we define the percentage difference,
with M ∈ {Ising, Free}. Let C Ising and C Free be the specific heat of the spin-1/2 Ising model and that of the free spinless fermion model, respectively. Table 1 compares the expansions C 7 and C 9 to the exact specific heat of the free spinless fermion model, showing the percentage differences of the expansions of this thermodynamic function to the exact result for t = 1, V = 0 and µ = 0. Table 2 compares the exact specific heat of the spin-1/2 Ising model, in the presence of a longitudinal magnetic field, in D = 1, mapped onto the fermionic spinless Hubbard model to the expansions C 7 and C 9 of this model, for t = 0, V = 0.5 and µ = 0.8. From data in tables 1 and 2 we conclude that the addition of two more orders in β in the previous expansion of the specific heat increases the interval in β where this expansion is a good approximation of the exact expression of the specific heat. Certainly, this improvement depends on the values of the set (t ,V, µ). 
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Here, ρ Ising is the mean value of the number of spinless fermions derived from the exactly soluble spin-1/2 Ising model. Table 3 has been generated with the percentage difference of the expansions ρ 6 (t ,V, µ; β), ρ 8 (t ,V, µ; β) to the ρ Ising , for t = 0, V = 0.5 and µ = 0.8. Data shows that for the function ρ(t ,V, µ; β) the presence of two orders in its β-expansion does not really increase the region where the expansion is a good approximation of the exact result, although ρ 8 (t ,V, µ; β) is closer to the correct result.
In general, the β-expansions of the thermodynamic functions associated to a given model get worse as the parameters of the Hamiltonian increase. Let us choose two sets of values of parameters in the Hamiltonian (2.1a)-(2.1b) that map onto the spin-1/2 Ising model in the presence of a longitudinal magnetic field:
(3.3b) 
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In what follows we use the notations:
≡ ρ 9 (t = 0,V = 0.5, µ = 0.7; β),
≡ ρ 9 (t = 0,V = 0.5, µ = 0; β).
(3.4d) Figure 1 show the percentage differences of C 9 and ρ 9 , given by (3.1) and (3.2), respectively, to their respective exact expressions for the set of values (3.3a) and (3.3b). Figure 1 show that for both thermodynamic functions the percentage differences increase more rapidly for µ = 0 than for µ = 0.7. How to explain that a higher value of µ yields a larger interval in β where the expansions of the thermodynamic functions are better approximations of the exact functions? In order to understand the convergence behavior of the expansions of the functions C (t ,V, µ; β) and ρ(t ,V, µ; β), we define the parameter 
The function W S=1/2 (J , ∆, h; β) has a Taylor expansion in β whose coefficient of the β n term is a product of powers of the parameters in Hamiltonian (2.2), J n 1 ∆ n 2 h n 3 , with n 1 + n 2 + n 3 = n + 1. This thermodynamic function can be written as an expansion in any of the parameters: J , ∆, h and β. The expansion of W S=1/2 around h = 0 = x corresponds to an expansion of W (t ,V, µ = V + x; β) about the half-filling configuration, µ = V . Expanding the HFE W (t ,V, µ = V + x; β) about x = 0 yields
The symmetry relation (2.8) and the definition (3.7a) permit to conclude that
From the form the HFE in equation (3.7a) is written, one can affirm that the thermodynamic quantities of the chain off the half-filling regime can be expressed as a contribution of the half-filling configuration plus an amount due to how off the system is from the half-filling regime (that depends, naturally, on the parameter x).
The decomposition (3.7a) and the definitions of the specific heat and the mean number of fermions permit us to write those functions in terms of the parameter x, Notice that the absolute value of x (1) is smaller than the absolute value of x (2) , and this explains why the good approximations of those two functions are obtained in intervals of β that are larger for the set (3.3a)
than those for the set (3.3b). This result is clearly shown in figure 1 .
In order to verify that x is one of the possible parameters of an expansion of the function ρ(T,V, µ = V + x; β) rather than the chemical potential µ, we calculate the percentage weight of the β 8 term in its β-expansion. Let us denote the β-expansion of ∆ρ by
The percentage weight δ W a 8 of the β 8 term in the expansion of ∆ρ is Let β max be the maximum value of the variable β for which |δ W a 8 (t ,V, x; β)| < ∼ 4%, and for which we expect that the expansion should be still a good approximation to the exact function ∆ρ(t ,V, x; β). Table 4 shows the values of |t |β max and the corresponding value of δ W a 8 for different values of x/|t | for t = 1 and V /|t | = 0.5. The second column in this table shows the two distinct values of µ for which the same value of |t |β max is obtained. In particular, for x/|t | = ±0.5 we have the chemical potentials µ = 0 and µ = 1 yielding the same value of |t |β max . In order to discuss the value of β max for which the specific heat can be well described by its expansion, we define the coefficients of the β-expansions of C (t ,V, µ = V + x; β) and of the function ∆C (t ,V, x; β),
33003-7
We also define the percentage weight δ W c 9 of the term of order β 9 in the expansion C 9 as 15) in order to determine the value of β max for the specific heat. Table 5 shows the values of |t |β max for the specific heat where δ W c 9 < ∼ 4%. The calculations have been done with t = 1 and V /|t | = 0.5. Again we obtain that for x = ±0.5, the β-interval, where the expansion C 9 is a good approximation of the exact expression of this thermodynamic function, is the same for µ = 0 and µ = 1.
The function ∆C in equation (3.9b) measures the difference between the specific heat in the halffilling regime and that function at the chemical potential µ = V +x. It also has a β-expansion that depends on x. In order to verify the value of β max for the function ∆C 9 , we define the percentage weight of the term of order β 9 in this function, Table 6 . The percentage weight δ W g 9 (%) of the term of order β 9 in the expansion of ∆C 9 (t ,V,V + x; β). The values of |t |β max are calculated for t = 1 and V /|t | = 0.5. Table 6 shows the values of |t |β max for the function ∆C 9 (t ,V, x; β) with |t | = 1 and V /|t | = 0.5. We verify that the values of |t |β max for the functions C 9 (t ,V,V + x; β) and ∆C 9 (t ,V, x; β) can be different.
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The temperature dependence of the chemical potential
The chemical potential µ is one of the parameters in the Hamiltonian (2.1a)-(2.1b). For a given fixed value of µ, the relation ρ(t ,V, µ; β) = −∂W (t ,V, µ; β)/∂µ permits the determination, from the expansion 
(4.1)
The coefficients n l (t ,V ; β), with l ∈ {0, 1, . . . , 7}, are known and -differently from the coefficients of the β-terms in the expansion (A.1) -they have corrections from higher orders in β.
In order to derive the dependence of the function µ on the variables ρ 8 , t ,V and β, one must obtain the roots of a 7 th degree polynomial in µ. By comparing the curves in each graph of figure 2 , we obtain the relation
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2) with δ ∈ [−0.5, 0.5]. This is similar to equation (2.9), derived from the hole-particle symmetry of the onedimensional fermionic spinless Hubbard model.
Conclusions
The one-dimensional fermionic spinless fermionic Hubbard model is the simplest fermionic model, and it has the particle-hole symmetry. This model can be mapped onto the spin-1/2 X X Z Heisenberg model in the presence of a longitudinal magnetic field in D = 1. Some years ago we derived the β-expansion of the HFE of the latter up to order β 6 [14] . In this article we have extended the β-expansion of the HFE of both models up to order β 8 . Each β term in the expansion satisfies the condition (2.10) derived from the particle-hole symmetry of the one-dimensional fermionic model. We have used the expansion (A.1) of the HFE of the fermionic spinless model (2.1a)-(2.1b) to study how the interval of convergence (in β) of the specific heat per site [C (t ,V, µ; β)] and of the mean number of spinless fermions per site [ρ(t ,V, µ; β)] is modified by the presence of two more orders in β in their respective expansions.
An interesting result that we obtain for the β expansions of the thermodynamic functions comes from the relation (2.7) between the HFE of the fermionic spinless model and the spin-1/2 model. When the chain is off the half-filling regime (µ V ), the relation (2.7) permits to write the thermodynamic functions of the chain in this regime as two β-expansions: the expansion of the function in the half-filling (µ = V ) plus another expansion that depends on the set of parameters (t ,V, x = µ − V ; β). The parameter x is a measure of how off the chain is from the half-filling regime. This fact explains why the expansions C 9 (t ,V, µ; β) and ρ 8 (t ,V, µ; β) with µ = 0 have shorter β intervals of convergence than those for |µ| > 0.
We have numerically obtained the dependence of the chemical potential µ on the temperature T when the mean value of fermions per site ρ is kept fixed. We have verified that the relation (4.2), satisfied by µ(T ) for ρ = 0.5 ± δ with δ ∈ [−0.5, +0.5], is similar to equation (2.9) derived from the particle-hole symmetry of the fermionic spinless Hubbard model in D = 1.
Finally, we point out that the present β-expansion of the HFE of the one-dimensional spinless Hubbard model is valid for any set of parameters of its Hamiltonian, including the cases V > 0 (repulsion) and V < 0 (attraction).
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The β-expansion of the D = 1 fermionic spinless Hubbard model off the half-filling regime V µ 8 
